We analyze dynamical responses of energy harvesters with a mechanical resonator possessing three potential wells. The frequency spectral analysis of simulated systems demonstrates that additional sub-harmonic and super-harmonic resonances appear. These additional solutions make the frequency broadband effect and effectively increase the voltage output. We show the characteristic features of the obtained solutions. Appearance of coexisting periodic solutions and chaotic solutions are also shortly discussed.
Introduction
Currently, vibration energy harvesting from low-level ambient vibrations has been received more and more attention [1] [2] [3] [4] [5] . The characteristics and frequency broadband performance of nonlinear monostable and bistable energy harvesters have been numerically and experimentally revealed and verif ed [6] [7] [8] [9] [10] [11] [12] . Due to distinct advantages over monostable and bistable oscillators, a new class of broadband energy harvesters with three potential wells [13] [14] [15] has been proposed. Figure 1 shows the schematic diagram of the tristable energy harvester (TEH) in this paper. It is shown that the harvester mainly includes a piezoelectric beam with a tip magnet, two external magnets, a load resistance and a supporting mechanism. The nonlinear magnetic force can be produced by the interaction among the tip magnet and two external magnets, which depends on the relative position of these magnets. Therefore, the equivalent nonlinear restoring force of the TEH is the vector sum of the linear restoring force of the piezoelectric beam and the nonlinear magnetic force. It can be found that the TEH has as many as f ve equilibrium positions (1, 3 and 5 are stable equilibrium positions; 2 and 4 are unstable equilibrium positions). Under the base acceleration excitation, the nonlinear electromechanical model of the THE can be described by the following equations:
Modelling and numerical analysis
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where ξ is a dimensionless damping coefficient. F r (x) is a restore force, which can be expressed as:
µ and β are coefficients of the cubic (x 3 ) and quintic terms (x 5 ) of the equivalent nonlinear restoring force, respectively. The linear term coefficient standing by −x is set to be one for analysis. In order to make f ve roots of the function F r (x) (to yield a tristable characteristic), µ and β should meet the specif c conditions which can be deduced based on Eq. (5). Then, the potential energy function can be expressed as: It is noted that all the parameters are dimensionless for numerical analysis, while these parameters can be theoretically calculated or experimentally measured based on a specif c energy harvesting device. In this study, the dimensionless system parameters are set to: ξ = 0.8, C p = 0.05, θ = 0.5, R = 1 × 10 7 , µ = 6173.8, β = 8857709.8. As shown in Figure 2 , different from nonlinear monostable and bistable energy harvesters, the TEH has as many as three potential wells, and two of them are symmetrical and have the same depth in this paper. When the excitation level is low, the oscillations of the TEH will be limited to one potential well following low-energy intrawell oscillations. When the excitation level is high enough, the TEH will overcome their potential barriers and realize high-energy interwell oscillations (which means that oscillation amplitude is large, and the motions cross all the potential wells). Therefore, in order to investigate nonlinear characteristics of the TEH, the numerical analysis should be provided.
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The equations of motion, Eqs. (1)- (2), are used in simulations of the system. At f rst, we perform calculations of non-stationary frequency sweep conditions. Voltage output (Fig.  3a) is ploted against frequency which is increased (Fig. 3b) or decreased with time. One can see different voltage paths for increasing and decreasing frequencies which are typical for nonlinear systems. For better clarity, we perform studies of stationary cases (Figs. 4-7) , plotting the phase portrait projected to the corresponding displacement-velocity plane and voltage response in time and frequency domains.
In Fig. 4 , we show the results for low frequency ω = 0.5 with nodal initial conditions. Although, the low frequency dominates in the response (Figs. 4b-c ) the small super-harmonic frequencies of multiple orders, with respect to the excitation frequencies, are also present. Finally, in the phase portrait, one can see a number of small loops around local minimum of the potential and then jump to the other potential well. In the time series, this effect is related to small corrugation imposed on the leading periodic response with the excitation period. One should note that this is a nonlinear combination of large and small orbits. By increasing the excitation frequency, we obtain a single orbit response (ω = 5 in Fig.  5 ). Note that the shape of the orbit is not circular (Fig. 5a ) which is also a typical feature for nonlinear systems. Consequently, the Fourier spectrum has a small super-harmonic component of 2ω. In Fig. 6 we plot the corresponding results for ω = 9.5 and the nodal initial conditions. Interestingly, this response is not periodic. It is presumably chaotic with the excitation frequency as a leading frequency in the response and chaotic modulation with smeared frequencies ranges ω ∈ [1.5,3] (see Fig. 6c ). However, to tell more about the nature of this solution, additional tests should be performed. The other interesting feature of this solution is that the size of the orbit on the phase portrait is fairly small (Fig. 6a) . Therefore this solution is entirely contained in the middle potential well (see Fig. 2 ). Consequently, the voltage output is small as well. This solution is not unique in the assumed set of system parameters. Another solution can be easily found for different initial conditions. In Fig. 7 , we show such a solution for [x,ẋ, v] = [0.06, 0, 0]. This solution represents a large orbit as possible to see in Fig. 7a . The leading response frequency is two times smaller, therefore, the response can be called as a sub-harmonic 1/2 resonance solution.
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Conclusions
We analyzed dynamical responses of energy harvesters with a mechanical resonator possessing three potential wells. The main advantage of this system is the appearance of additional solutions absent in the linear system. These are sub-harmonic, super-harmonic and chaotic solutions. In contrast to the bistable system where dominates odd sub-harmonic solutions [8] , the considered TEH show the even (namely period 2) sub-harmonic solution with a large orbit where the symmetry of the attractor is broken by the nonlinear effects of TEH (see Fig.  7 ).
